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Robust Control Systems Design Using
H°° Optimization Theory
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In this paper, we show step-by-step procedures for applying the H°° theory to robust control systems design.
The objective of the paper is to eliminate the possible difficulties a control engineer may encounter in applying
H°° control theory. We will review the physical meanings of the H°° norm, explain how it relates to robustness
issues, and show how to formulate H°° optimization problems, including the construction of a state-space
realization of the generalized plant. An efficient algorithm is used to compute the optimal H°° norm. The
controller formulas of Glover and Doyle are slightly modified and are used to construct an optimal controller
without any numerical difficulty.

I. Introduction

I T is well known that the H°° design technique1"20 provides
better robustness than the linear quadratic Gaussian

(LQG), or //2, method.21'22 H°° control theory can handle the
following two robustness issues: 1) minimization of the maxi-
mum error energy for all command/disturbance inputs with
bounded energy and 2) closed-loop stability under unstruc-
tured plant uncertainties with a bounded H°° norm. H°° con-
trol theory is also indispensable in the structured singular value
treatment of structured plant uncertainties.23'24

The elegant two-Riccati-equation approach proposed by
Glover and Doyle (GD)18 and Doyle, Glover, Khargonekar,
and Francis (DGKF)19 solved the standard H°° optimization
problem. This approach characterizes all possible stabilizing
suboptimal H°° controllers whose order is not higher than that
of the generalized plant. However, there is not much informa-
tion available in the literature that can give a detailed guideline
in applying H°° theory to robust control design. The engineers
may still encounter difficulties one way or another in applying
the H°° control theory. These difficulties include the formula-
tion of a robust control problem as an H°° optimization prob-
lem, the construction of a state-space realization of the gener-
alized plant, the computation of the optimal H°° norm, and
the construction of an optimal (or suboptimal) controller.

The objective of the paper is to eliminate the possible diffi-
culties and provide a design procedure by which a control
engineer can easily formulate and solve H°° optimization prob-
lems. We will review the physical meanings of the H°° norm,
explain how it relates to the robustness issues mentioned ear-
lier, and show how to formulate //°° optimization problems,
including the construction of a state-space realization of the
generalized plant. We will also introduce a fast algorithm that
we recently developed for the computation of optimal H°°
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norm. In this algorithm the convex properties of H°° Riccati
solutions are employed.25 Because of the convexity, the con-
vergence of the algorithm is guaranteed and the convergence
rate is quadratic. In most situations there is a numerical diffi-
culty when one uses GD controller formulas18 to construct an
optimal controller. However, as mentioned in Refs. 19 and 20,
a descriptor (or generalized state-space representation26) ver-
sion of the controller formulas can avoid this numerical diffi-
culty. With slight rearrangement, GD controller formulas can
be rewritten in a descriptor form, which can then be reduced
to a lower order state-space representation.

The preliminaries, including the basic concept of the H°°
norm, robust stability and GD formulas, are briefly reviewed
in Sec. II. In Sec. Ill, we explain how to formulate a robust
control problem as a two-block or four-block H°° optimiza-
tion problem and how to construct a state-space realization
of the generalized plant. An efficient algorithm to compute
the optimal H°° norm and a procedure to construct an optimal
H00 controller are both briefly described in Sec. IV. Some
illustrative examples are included in Sec. V. Section VI is the
conclusion.

II. Preliminaries
Throughout the paper, both of the notations

A
_C

B
D

and {A ,B,C,D } are used for the same purpose to represent
a state-space realization of a system whose transfer function is
C(sl-A)~ 1B + D. R(s)p*« is the set o fp x q proper rational
matrices with real coefficients. (RH°°)mxr is the set of m xr
proper rational matrices with real coefficients that are analytic
in the closed right half plane. (RL°°)mxr is the set of mxr
proper rational matrices with real coefficients that are analytic
on the imaginary axis.

//°° Norm of a System and its Physical Meanings
H°° control theory deals with the behaviors of systems with

a certain set of inputs. The set of inputs, denoted U, consists
of square (Lebesgue) integrable functions defined on all time
- oo < t < oo and taking values in Rr, i.e.,

u(t)Tu(t)dt«x>
944
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It can be proven that U is a linear space. Moreover, L2
norm can be defined on U to measure the "size" of each ele-
ment in U:

u(t)Tu(t)dt (1)

Let g be a stable system with the transfer matrix G(s)
= (A,B,C,D }, and denote Y as the output signal space of 8
due to the input U, then Y is also a linear space with L2 norm
defined on it. From a mathematical point of view, 8 can be
considered as a linear operator: U^Y. To characterize the
system S» one needs to investigate the induced operator norm
of Q, which is defined as27

(2)and

|| 8|| generally characterizes the "transferability" for system S>
which measures the "size" of the output for a given input.

It can be proven28 that the induced operator norm defined
in Eq. (2) is identical to the H°° norm of its transfer matrix
G(s)9 i.e.,

: = supa[GC/«)] (3)

Hence, one could compute the induced operator norm by com-
puting the H°° norm of its transfer matrix.

By use of the preceding definitions, a physical interpretation
of the H°° norm of a transfer matrix G(s) can be given as
follows. Recall that the energy of a signal x(t) is defined as
\\x(t)\\l (Ref. 29). Therefore, one can see that U consists of all
inputs with bounded energy. Thus, the H°° norm of G(s) is the
maximal output energy for all inputs in U with unit energy.

The preceding interpretation can be extended a little further.
For convenience, we refer to u(t) in U as "energy signals."
Now let us consider another set of input signals that we call
"power signals" and denote Up. For each u ( t ) € Up,

RUU(T) : = lim
i r

— u(t + T)UT(T) dt (4)

exists and is finite for all r.
Since the power of signal u(t) is29

= l i m — u(tYu(t)dt
- (5)

then we can see that Up consists of inputs with bounded power.
Furthermore, a seminorm, denoted the "power norm," can be
defined on both Up and its output space Yp :

( 1 r T/2

\ \ u ( t ) \ \ p : = lim^ u(t)Tu(t)dt{(^r-oo 21 J _T ) (6)

The power norm is a seminorm instead of a norm because
||u (0|| p = 0 does not imply w (0 = 0. For instance, any u(t)^Q
in 17 is also in Upt but ||w(0||p = 0. Similarly, we have output
space Yp with || • ||p defined on it. On these power normed
spaces, the operator norm for 8 can be induced similarly:

II811 : = : u(t) € Up

and \\u(t)\\P = (7)

Although in general the induced operator norm depends on the
norms defined on input space and output space, || 8|| in Eq. (7)
is again identical to the H°° norm of G(s). Therefore, the
physical meaning of the H°° norm, when inputs and outputs

are power signals, can be stated as the maximal output power
for all inputs with unit power.

The third set of input signals are the spectral density signals,
denoted Us and consisting of signals with bounded spectral
density; i.e., for any u ( t ) in Us,

where

\\SUUU<»)\\<» ' =

SuuUo>): =

(8)

(9)

is the spectral density matrix and RUU(T) is defined in Eq. (4).
Similarly, a seminorm, denoted the "spectral norm," can be
defined both on Us and its output space Ys:

I I s : = (\\Suu(ja) (10)

On these spectral density normed spaces, the operator norm
of 8 can be defined:

11811: = ! : u ( t ) 6 U,

= s u p [ \ \ y ( t ) \ \ , : u ( t ) € U , and

Again, it can be shown that

11811= ||G(5)||oo

(U)

(12)

Hence, the H°° norm of a system indicates the maximal output
"spectral density" for all inputs with unit "spectral density,"
when inputs and outputs are spectral density signals.

Uncertain Disturbances/Commands Attenuation
Now let us consider the disturbance attenuation problem

with the following system:

(13a)

(13b)= K ( s ) y ( s )

where v(s) is the disturbance, y(s) the output, and K(s) the
controller to be designed. The transfer function from v(s) to
y(s) is given by

(14)

which is the sensitivity function of the closed-loop system. The
H°° norm of the sensitivity function is the square root of the
maximal energy of the disturbance response. One of the objec-
tives of feedback control is to choose a controller K(s) that
stabilizes the closed-loop system and makes ^W^I — PK)'1^
as small as possible subject to control-input constraints, Wi(s)
is a weighting matrix used to emphasize the disturbance re-
sponse over a certain frequency band.

Robust Stability and Control-Input Constraints
In the following the robust-stability and control-input con-

straints will be considered. We denote the unperturbed (nomi-
nal) closed-loop system in Eq. (13) by (3(P,AT) and the system
with perturbed plant by Q(P,K). We shall consider three types
of unstructured plant uncertainties: 1) additive perturbations,
2) multiplicative perturbations introduced at the output, and
3) multiplicative perturbations introduced at the input. Under
these perturbations the perturbed plants are confined to a
neighborhood of the nominal plant with certain magnitude.
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Additive Perturbations
The perturbed plant is defined as

P(s): = P(s) + AP(s) (15)

Let Pfl, the class of all allowable additive plant perturbations,
be described by

Pa = j AP(s) : a) AP(s) is strictly proper rational (16a)

b) nf = nf (16b)

c) (16c)

where f(<^) is a given tolerance function, «p is the number of
the unstable poles of P(s), and /?+ is the non-negative real
line. Then we have the following lemma.

Lemma 2.1. 30'31 Consider the system Q(P,K) shown in
Eq. (13) and let Pa be described by Eqs. (15) and (16).
If the nominal system Q(P,K) is internally stable, then
VAP € Pa, G(P,K) is internally stable if and only if

(17)

(18)

Let Pmo , the class of all allowable output multiplicative plant
perturbations, be described by

Multiplicative Perturbations at the Output
The perturbed plant is defined as

= \M(s) : a) M(s) is proper rational

b) nf = nf

c) aM(ja>) < fto>) V o> € J?

(19a)

(19b)

(19c)

where f(o>) is a given tolerance function, n£ is the number of
the unstable poles of P(s), and R+ is the non-negative real
line. Then we have the following lemma.

Lemma 2.2. 30'31 Consider the system Q(P,K) shown in
Eq. (13) and let Pmo be described by Eqs. (18) and (19).
If the nominal system C(P,AT) is internally stable, then
VM € Pmo, Q(P,K) is internally stable if and only if

(20)

(21)

Let Pw/, the class of all allowable input multiplicative plant
perturbations, be described by

Pmi = \M(s): a) M(s) is proper rational (22a)

b) «/ = n£ (22b)

Multiplicative Perturbations at the Input
The perturbed plant is defined as

c) (22c)

where f(oj) is a given tolerance function, n£ is the number of
the unstable poles of P(s), and R+ is the non-negative real
line. Then we have the following lemma.

Lemma 2.3. 30'31 Consider the system Q(P,K) shown in
Eq. (13) and let Pmi be described by Eqs. (21) and (22). If the
nominal system Q(P9K) is internally stable, then VM€Pm ; ,
Q(P,K) is internally stable if and only if

(23)

Note that Lemmas 2.1-2.3 are related to the issue of sys-
tem robust stability. To maintain the internal stability under
the prescribed perturbations, the complementary sensitiv-
ity functions K(I-PK)~l(s)y PK(I-PK)~l(s), and KP(I
-KP)~l(s) have to meet certain magnitude requirements [see
Eqs. (17), (20), and (23)]. It is equivalent to express these
requirements by using H°° norm:

\\W2K(I-PK)~l\\00<l

\\W2PK(I-PK)-1\\»<1

(24a)

(24b)

(24c)

where W2(s) is a weighting matrix used to normalize specifica-
tions and can be expressed by

(24d)

where / is an identity matrix, arid w2(s) is a scale valued stable
rational function with |w2(yco)| = f(co) in Eqs. (16c), (19c), and
(22c). These inequalities imply that the smaller the H°° norm of
the complementary function, the better the robust stability of
the system. Choosing the weighting matrix depends on the
real-world environment. This will be discussed later.

Control-Input Constraint
To avoid the control input being to large, a control-input

constraint is necessary. It is easy to see the K(I -PK)~l is the
transfer function from v to u. Thus, the robust stability con-
straint (24a) also limits the maximal control-input energy. In
other words, Eq. (24a) can be used to achieve the robust stabil-
ity and the control-input energy constraint at the same time.

Standard H°° Optimization Problem
Most control problems can be formulated as the following

standard H°° optimization problem. In the standard H°° opti-
mization problem formulation, the system representation is
rearranged as follows:

PI
P2

ml m2
Gn(s) Gl2(s)

G2l(s) G22(s) u(s)
v(s)

(25)

where Gu(s) € R(s)*»xm>, Gl2(s) € R(s)^xm^ G2l(s)
tR(s)p2*mi, and G22(s) £R(s)p2Xm2. R(s)px<* is the set of
pxq proper rational matrices with real coefficients. In
Eq. (25), z, y, v, and u are the controlled ouput, the measured
output, the exogenous input, and the control input, respec-
tively. The controlled output vector z usually includes the error
signal and a weighted control input. The exogenous input v
contains the disturbances, noises, and commands. The mea-
sured output vector y consists of all of the signals that can be
measured and available for feedback. Through the control
input u the behavior of the system can be modified. The vector
y will be used as the input to a controller K(s), and the output
of K(s) wil be connected to the control input u; i.e.,

(26)

The standard H°° optimization problem consists of finding a
proper controller K (s) so that the closed-loop system is inter-
nally stable and HS^G.A'JHoo is minimized, where

3>(G,AT)(s) = G,,(J) + Gl2(s)K(s)[l-G22(s)K(s)]-lG2i(s)
(27)

That is, $((G,K)(s) is the transfer function of the closed-loop
system from v to z.
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Let

G(s) =
B2

Du
#22

(28)

be a state-space realization of the generalized plant G(s) and
A <E_/?"X".

According to the dimensions of Gn(s), G12(s), G2i(s), and
G22(s), the standard H °° optimization problem has the fol-
lowing situations to consider: 1) p\>m2, p2<m\\ 2) Pi<m2,
p2<m\\ 3) p\>m2, p2>mi\ and 4) p\<m2, p2>m\. Situa-
tion 1 is referred to as the four-block H°° optimization prob-
lem. Situations 2 and 3 are referred to as the two-block H°°
optimization problem. Situation 4 is referred to as the one-
block H°° optimization problem.

Glover-Doyle State-Space Formulas
In Ref. 18 Glover and Doyle assume that the realization of

the generalized plant G(s) is given by Eq. (28) with the follow-
ing assumptions:

1) (A9B2) is stabilizable, and (C2,A) is detectable.
2) Rank D\2 = m2, and rank D2\=p2.
3) D12 = [0 /] r, Z>2i = [0 /] , and Dn is partitioned as

Am Ami
Ai2i AmJ

with A 122 €#P2XW2 .
4) D22 = 0 (this can be removed; for details refer to Ref. 18).
5)

i \jwI-A B21rank = «
L Ci AiJ

+ ra2, Vco

6)

[juI-rank
L C2

= n + p2, €/?

Note that assumptions 5 and 6 imply that Gi2(s) and G2i(s)
have no invariant zeros on the y'co axis. Define two Hamilto-
nian matrices as follows:

-A

(29a)

and

A-=[Ai D12], D-1=

(29b)

(29c)

where

and

(29d)

Then the following theorem shows an easy way to construct
a suboptimal stabilizing controller so that \\<5((G,K)\\00<y,
where ^^G,^) is the closed-loop transfer matrix from v to z.

Theorem 2.4.IS There exists a stabilizing controller such
that \\3rf(G,K)\\co<y if and only if the following three condi-
tions hold:

(i) 7>max(o-[Am Am], &[Aln A^i]) (30a)

(ii) ^(7) € dom(Ric) and ^(7): = Ric [̂ .(7)] > 0

^00(7) € dom(Ric) and Y(y): = Ric [^(7)] > 0
(30b)

(iii) p[X(y)Y(y)]<y2 (30c)

Moreover, when these conditions hold, one such controller is

B

where

B= -H2 + (B2 + H12)D

A = A + HC

^r = [Fii FU Ft] = -(XB

H=[Hn Hn H2]= -

(3 la)

(31b)

(3 lc)

(31d)

(31e)

(31f)

(31g)

(31h)

and

In Theorem 2.4, condition (ii) means that there exist posi-
tive-semidefinite stabilizing solutions X and Fto the algebraic
Riccati equations corresponding to the Hamiltonians H^y)
and ^00(7), respectively.18 Condition (iii) means that the spec-
tral radius of X Y is less than y2.

Theorem 2.4 shows an easy state-space approach to
construct a stabilizing suboptimal controller such that
\\&e(G,K)\\00<y. The order of the suboptimal controller can
be the same as that of the plant G(s). The major computation
involved is the solution of two H°° Riccati equations that are
easy to solve if solutions exist.

The GD approach is a breakthrough in the solution of the
H°° optimization problem. Theorem 2.4 can be used to con-
struct optimal or suboptimal controllers for one-, two-, and
four-block plants. When an optimal controller is designed by
the GD approach, however, one needs to compute the optimal
H°° norm first. Algorithms for computing the optimal H°°
norm and the construction of an optimal H°° controller will
be discussed in Sec. IV. Section III explains how to formu-
late a robust control problem as a standard H°° optimization
problem.

III. Formulation of //°° Optimization Problems
As mentioned in the previous section, many control prob-

lems can be formulated as the standard H°° optimization prob-
lem. For the purpose of demonstration, two examples are
given in the following. The first is a mixed-sensitivity optimiza-
tion problem to be formulated as a two-block H°° optimization
problem: the second is a disturbance reduction problem with
measurement noise that turns out to be a four-block problem.

Mixed-Sensitivity Optimization Problem
As mentioned earlier, for the feedback control system in

Eq. (13) a smaller ||(/-PAr)~1||0o means a better disturbance
attenuation, whereas a smaller \\PK(I -PK)'1^ implies a
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better robust stability. Unfortunately, the H°° norms of
(I-PK)~l and PK(I-PK)~l may not be made small at the
same time. If we make one of them smaller, the other will
become larger. To have a tradeoff between these two quanti-
ties, Kwakernaak12 formulated the mixed-sensitivity problem
as the problem of finding a controller K(s) that stabilizes the
closed-loop system and minimizes ||^||oo, where $ is given by

..rIW2PK(I-PKY (32)

W\ and W2 are weighting matrices chosen by the designer ac-
cording to the specific situation; i.e., they depend on the char-
acters of the disturbances and system uncertainties. Usually,
the disturbances occur most likely at a low frequency; there-
fore, W\(s) is chosen to be a low-pass filter to emphasize the
error energy at low frequency. The plant uncertainty is also
frequency dependent: The higher the frequency, the larger the
uncertainties. Hence, W2(s) is usually chosen to be an im-
proper transfer function [but W2P(s) has to be a proper
transfer function], which is analytic in the closed right half
plane. In the following we assume that W\(s) is strictly proper,
W2(s) is a polynomial such that W2P(s) remains proper, and
both of them are analytic in the closed right half plane.

The problem of finding a K(s) that stabilizes the closed-
loop system and minimizes ||$||«> can be rearranged into the
standard H°° optimization problem. Consider the following
system:

z\
z2

y
0

/

W2P
P

u =Ky

(33a)

(33b)

It is easy to show that the matrix $ defined by Eq. (32) is just
the transfer function from v to [z\ Z2]T of the closed-loop
system (33). Comparing Eq. (33a) with Eq. (25), we can see
that

G2 1=7, G22 = P (34)

If P, W2P, and W\ have the following state-space realizations:

P =

J*', = fe

W2P =

#w,

D» (35)

Then the generalized plant G(s) has a state-space realization as
shown in Eq. (30), with

A = 0
w l P

DWID

Z2 I——=——1 U I—————J y

Fig. 1 Disturbance attenuation problem.

C2=[CP 0], D2l=I, D22 = (36)

Note that, because W2 is a polynomial, the A matrix for W2P
is the same as that for P.

Disturbance Reduction Problem
Consider the feedback system shown in Fig. 1. P(s) is a

given plant, Wt(s) (/ = 1,2,3,4) are weighting matrices, and
K(s) is the controller to be designed. The disturbance and
noise are the outputs of W^ and W± driven by d and n, re-
spectively. The symbol z\ is the weighted error response,
and z2 is the weighted control input. Let ZT=[Z? Z2]T,
vT=[dT n7]7, and assume that v is unknown but with its
energy bounded by unity. The objective is to find a controller
K(s) that stabilizes the closed-loop system and minimizes the
worst ||z||2, i.e., minimizes the H°° norm of TZV9 the closed-
loop transfer function from v to z . Tzv is given by

zv ( }

Note that W\PK(I -PK)~1W4 and W2KP(I -KP)~1W3
are the output and input complementary sensitivity functions,
respectively. Their H°° norms indicate the stability robustness
of the closed-loop system for the multiplicative plant uncer-
tainty introduced at the output and input, respectively.
W2K(I -PK)~1W4 is the control complementary sensitivity
function whose H°° norm indicates the stability robustness of
the closed-loop system for additive plant uncertainty. Hence,
reducing ||rzv||a> will also improve the robust stability of the
closed-loop system.

It is easy to verify that the generalized plant of the system
can be expressed as

z\
Z2

0

0 _^2_

P

(38)

That is,

°.0"" L o oj' ~" lw2\
G2l = [PW3 W4], G22 = P (39)

If P, Jf; (/ = 1,2,3,4) have state-space realizations as follows:

p-f^M ^i-fe^LC^ DPJ [cw/ z
where / = 1 , 2, 3, 4, then the generalized plant
space realization as shown in Eq. (28), with

A =

BI =

Ap 0 0 BPCW3

?J
>J (40)

G(s) has a state-

0
BW]CP AW} 0 BWIDPCW3 0

0 0 AW2 0
0 0 0 ^^3
0 0 0 0

" BPDW3 0"
BWIDPDW3 0

0 0
5^3 0

0 #w4

^2 =

0
0
j

•̂ * W4

" ^ "
5w,£>P

BW2

0
0
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=
1 0

CWl 0

0 CW2

DW}DPCW3 Ol
0 OJ

\DWIDPDW3 0
= 0

C2=[CP 0 0 CW4]

£>21 = (41)

In Eq. (41), {A,B,C,D\ is the state-space representation
for the generalized plant G(s). However, it is possible to re-
duce the order of the system before going to the next step.

IV. Solution to H°° Optimization Problems
Once the H°° optimization problem is formulated, the next

step is to compute the optimal H°° norm and then to construct
an optimal or suboptimal H°° controller. It is reasonable
to assume that Dn and D2\ are of full column rank and of
full row rank, respectively. Before we use the GD formulas,
the inputs and outputs need to be scaled so that the assump-
tions D2\ = [0 /] and Du = [0 /]T are satisfied.

Scaling of Du and D2\
Step 1. Find a singular value decomposition for D\2:

(42)

Let

Li2 =

and

Then we have

r^\2Di2R\2 =

Step 2. Find the singular value decomposition for D2\:

\VT~\
B*-»»lf, 0,[,|;J ,43,

Let L2i = Z2l
lU2l and R2\ = [V2\2 V2\\\. Then we have

Step 3. Scale the inputs and outputs. Define new inputs v,
« and new outputs z, y as follows:

v = R2\v, u - Ri2u

=Lnz, y=L2ly (44)

Then the new generalized plant G(s), i.e., the transfer func-
tion from [vr UT]T to [ZT yT]T, has the following state-
space realization:

(3(5) = c, (45)

where

B2 =

>=[°1• L/J
2i - [0 /],

If an optimal or suboptimal controller for the scaled gener-
alized plant G(s) is

K(s) =
Ak (46)

then the corresponding controller for its original generalized
plant will be

(47)

Note that || 7^110. = |

Computation of the Optimal H°° Norm
In utilizing these GD formulas to design an optimal H°°

controller, the most computationally demanding work is the
computation of the optimal H°° norm that requires iteration.

According to the GD theorem, we can see in Eqs. (29a) and
(29b) that both X and Y are functions of 7. Moreover, the
problem of finding the optimal H°° norm, denoted y0 , is
equivalent to finding the infimum 7 such that all three condi-
tions in Eq. (30) hold. To make it more precise, we give the
following definitions.

Definition 4.1.
a) ax : = inf [7: 7 €/?+ and ^(7) exists]

oiy : = inf [7: 7 € R+ and Y(y) exists]

b) /3X : = inf [7: 7 €/?+ and ^(7) is positive semi-
definite]

py : = inf [7: 7 €/?+
definite]

c) a : = max [o^Oy]

and ^(7) is positive semi-

where ^(7) and ^(7) are the stabilizing solutions to Riccati
equations in Eq. (30b).

Figure 2 shows the domain of the Riccati solutions. It is
obvious that y0 € [0, + oo). It is possible for 0 to be y0, espe-
cially when /3 and a. are identical; however, with very few
exceptions, y0 € (/5, + oo), which implies that y0 is the solution

Figure 2 implies that the problem of finding y0 is actu-
ally that of either searching for the intersection point of
p[Jf (7)7(7)] with 72 inside (/3, + oo) or computing the bound-
ary point jS. An efficient algorithm to compute y0 can be found
in Ref. 25, where the convex properties of Riccati solutions
were employed.

Construction of an Optimal //°° Controller
From the GD formulas in Theorem 2.4, a suboptimal H°°

controller can easily be constructed. However, as 7 approaches
to the optimum, the formulas in Eqs. (31) may not remain
well defined when y0 € (/3, + oo) (see Fig. 2 for reference). To
eliminate this numerical difficulty, Safonov et al.20 rederived
the optimal controller formulas in a descriptor form (or gener-
alized state-space representation).

The GD formulas in Eqs. (31a-31h) can also be written
in a descriptor form after slight rearrangement. When 7
reaches the optimum, y0 € (0, + oo), which satisfies 72

= p[X(y0)Y(y0)] , the matrix Z in Eq. (3 If) will become infin-

Bnth X and Y exkt
Both X and Y are positive semidefinite

All three conditions hold
_L

0 a p *

Fig. 2 Domain of Riccati solutions.
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ity since the matrix I-y~^Y(y0)X(y0) is singular. If we try
to apply formulas (31a-31h) directly to construct an optimal
H°° controller, a numerical difficulty will arise in the imple-
mentation of the A and C matrices. We will rearrange these
formulas so that an optimal H°° controller can be constructed
without any numerical difficulty.

The dual system of the realization in Eq. (3la) can be easily
rewritten in a descriptor form. The state equation (generalized
state equation) of the descriptor representation can be split
into two sets of equations: one involves the first derivatives of
some state variables, and the other consists of algebraic equa-
tions. The state variables that have no derivatives in the equa-
tions can be eliminated; then we have a lower-order state-space
representation for the dual system. The dual of the dual system
is identical to the original system; therefore, we have an opti-
mal H°° controller as follows:

cc

where

Ac = [vfAoUi - V{ADU2(V^A

Bc = VlBD - VfADU2(V?ADl

C = D - CD

Bc (48)

(49a)

(49b)

(49c)

(49d)

In Eq. (49a-d), the superscript f means pseudo-inverse and
AD, BD, CD are given as follows:

(50a)

(50b)

(50c)

where

D _ JJTt!D — — ri2

CD = F2-D(C2 + F12)

AD = (B2 + H12)CD + (A +HC)ED

ED = I-y-2X(y0)Y(y0) (50d)

and D I , £/!, U2, V\, and V2 are obtained from the singular
value decomposition of ED, i.e.,

U2]
o

(51)

V. Illustrative Examples
Two illustrative examples are included in this section. Exam-

ple 1 is a mixed-sensitivity problem formulated as a two-block
H°° optimization problem. Example 2 is a simple disturbance
reduction problem with measurement noise. It is formulated as
a four-block H°° optimization problem.

Example 1
This example is from Yeh et al.32 and Dickman,33 where the

real parameter uncertainty problem was discussed. We use this
example to illustrate the mixed-sensitivity problem described
in Sec. III. The plant is given as

P(s) =

The filters are chosen as

1 1
-1 5+1

1 1

5 + 1 5+2

0)/ [100(5 + 1)]],

which is a low-pass filter, and W2(s) = 0.ls + l, which is used
to emphasize the high-frequency uncertainties. Then we have
state-space realizations for P, W2P, and W\ as follows [refer to
Eq. (35)]:

-l,-2, -1),

1 0 0 1
0 1 1 Or

Bp =

= -0.1/2,

1 0
1 0
0 1
0 1

>W 1 = 0.01/2
i.i o

0.9
o

0.8
0.9
0

From Eq. (36), a realization of the generalized plant can be
constructed easily. Then by use of the algorithm described by
Li and Chang,25 the optimal H°° norm of the system can be
obtained (y0 = 1.16824). Furthermore, Eqs. (48-51) could be
used to construct the optimal controller K (s). The a plot of
complementary sensitivity function PK(I - PK)'1 is shown in
Fig. 3. As shown in Eqs. (18-20), we can see that, if we have
a multiplicative perturbation introduced at the output and if
the norm of perturbation is below the plot in Fig. 4, then the
system will remain internally stable.

Figure 5 is related to the disturbance attenuation problem.
We can see that the maximal value is —2.1, which indicates the

10'

10°

10-

10-2

10~2 ID'1 10° 10' 102 103

Fig. 3 a plot of complementary sensitivity function PK(I - PK) ~l.

io-2 10-' 10° 10' io 2 io 3

Fig. 4 Perturbation toleration.

10'

10°

10-
10 10-'iu - .u 10° 10' IO2

Fig. 5 a plot of sensitivity function (/ - PK) ~
io3
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Table 1 Convergence of the algorithm

Iteration
0
1
2
3
4

Jn

100
4.648 e + 00
4.134e+00
4.134e + 00
4.734e + 00

Accuracy
9.535e+01
8.403 e- 01
9. 440 e- 04
1.115e-09
7.105e-15

troller with a limited bandwidth. In this case a tradeoff be-
tween the H°° performance and the bandwidth should be made
by degrading the H°° norm from its optimum in order to
reduce the controller bandwidth.
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output energy for the "worst disturbance" with unit energy.
However, if the disturbance happens in low frequency, then
the worst output energy is just about 0.75.

Example 2
The following is a simple four-block H°° optimization prob-

lem. Consider the system in Fig. 1 with

1 1
5 _ 2 ' "3V"-* + r

State-space realizations for P and W^ are

W3(s) =

W,(s) = W2(s) = = 1

"2
L I

l"
0_

-1

From Eq. (37) a realization of the generalized plant can be
constructed as

G(s) = c,
B2

z>2

-1
0
1
0
1

0
2
1
0
1

1
0
0
0
0

0
0
0
0
1

0
1
0
1
0

The data in Table 1 show that four iterations are needed
to reach the optimum, y0 =4.734160476390407, with accuracy
better than 10~14.

By use of formulas (48-51), an optimal H°° controller is
constructed as follows:

-0.87542
4.42042

-0.13925
-4.73416

where the H°° norm of the closed-loop system equals y0. Note
that the optimal controller has a direct feedthrough term and
thus has an infinite bandwidth. If we choose 7 = 4.8, which is
about 1.4% higher than y0, we have a suboptimal controller,
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